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Abstract
In this paper a recurrence relation satisﬁed by the numberL(n) of words of length n over an alphabetA of cardinality m (m2) not
containing the factor (aba)k (a = b) is deduced. Let kn be a sequence of positive integers. From [I. Tomescu, A threshold property
concerningwords containing all short factors,Bull. EATCS64 (1998) 166–170] it follows that if lim supn→∞ k(n)/ ln n< 1/(3 lnm)
then almost all words of length n over A contain the factor (aba)kn as n → ∞. Using the properties of the roots of the recurrence
satisﬁed by L(n) it is shown that if lim supn→∞ k(n)/ ln n> 1/(3 lnm) then this property is false. Moreover, if limn→∞(ln n −
3k lnm)=  ∈ R then limn→∞|W(n, (aba)kn , A)|/mn = 1− exp(−(1− 1/m3) exp()), whereW(n, (aba)kn , A) denotes the set
of words of length n over A containing the factor (aba)kn .
© 2007 Elsevier B.V. All rights reserved.
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1. Notation and preliminary results
Let A be a ﬁnite alphabet of cardinality |A| = m2. A factor of a word  ∈ A∗ is a word  ∈ A∗ for which there
exist p, q ∈ A∗ such that =pq [3]. In [7] Marcus and Pa˘un proposed a program of studying inﬁnite factors of words
over a ﬁnite alphabet and bridging the gap between the formal language theory and the theory of inﬁnite words.
In this paper we consider the problem of determining the number of inﬁnite words over a ﬁnite alphabetA containing
as factor the word (aba)kn as kn → ∞ and prove that there exists a threshold for this property depending only on the
cardinality of A.
If a and b are two distinct letters of A, let L(n) denote the number of words  ∈ A∗ such that their lengths ||=n and
 does not contain the factor (aba)k of length 3k. Guibas and Odlyzko [5] proved that the number of words of length
n in A∗ that do not contain a single ﬁxed factor w satisﬁes a linear recurrence equation with constant coefﬁcients. For
w = (aba)k this equation is deduced in the next section.
LetW(n, kn, A) denote the set of words w of length n over A having the property that each word of length kn over
A is a factor of w and P(m, kn) the property that almost all words of length n over A contain as factors all words of
length kn over A as n → ∞, that is, limn→∞|W(n, kn, A)|/mn = 1.
Theorem 1.1 (Tomescu [11]). Let kn be a sequence of positive integers. If lim supn→∞ kn/ ln n< 1/ lnm then
P(m, kn) holds, but if lim supn→∞ kn/ ln n> 1/ lnm then P(m, kn) does not hold.
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Notice that for ﬁxed kn this property is well-known and it follows from the property that almost all random strings
(in both Kolmogorov–Chaitin and Chaitin senses) satisfy various conditions of normality (ﬁrst introduced by Borel)
(see [1,2]). Also it may be noted that in the binary case (m= 2) this property is closely related to a result by Flajolet et
al. [4] about the number of occurrences of the factors of length kn in random binary strings of length n as n → ∞.
In the third section we shall prove that a similar property holds for a single word, namely (aba)kn of length 3kn and
for every sequence kn (bounded or not).
2. An explicit expression for L(n)
Lemma 2.1. Let k be an integer, k2. We have
L(n + 1) = mL(n) − L(n − 3k + 2) + mL(n − 3k + 1) − mL(n − 3k) + L(n − 3k − 1)
− (m − 1)L(n − 3k − 2) (1)
for every n3. Moreover, L(s) = ms for each 0s3k − 1 and L(3k + r) = m3k+r − (r + 1)mr for 0r2.
Proof. It is clear that L(s) = ms for every 1s3k − 1 and L(3k) = m3k − 1. If 1r2 then the words of length
3k + r containing the factor (aba)k have the form (aba)k, where || + || = r and ||, ||0. This equation has
r + 1 natural solutions, hence L(3k + r)=m3k+r − (r + 1)mr . For r = 3 two choices lead to identical words, namely
aba(aba)k and (aba)kaba. Hence, L(3k + 3)=m3k+3 − 4m3 + 1 and (1) yields L(0)= 1 for n= 3k + 2. In order to
prove (1) let us denote by W(n), V (n) and U(n), respectively, the number of words of length n over A not containing
the factor (aba)k , such that they have a sufﬁx equal to (aba)k−1ab, (aba)k−1 and aba, respectively. It is easy to see
that these numbers are related by the following equations:
L(n) = m(L(n − 1) − W(n − 1)) + (m − 1)W(n − 1)
or
L(n) = mL(n − 1) − W(n − 1), (2)
W(n) = L(n − 3k + 1) − (U(n − 3k + 1) + W(n − 3k + 1)), (3)
V (n) = L(n − 3k + 3) − (U(n − 3k + 3) + W(n − 3k + 3)) (4)
and
U(n) = L(n − 3) − (W(n − 3) + V (n − 3)). (5)
(2) and (3) yield W(n) = V (n − 2) and from (5) we get U(n) = L(n − 3) − W(n − 1) − W(n − 3). By substituting
this value in (3) we deduce
W(n) = L(n − 3k + 1) − L(n − 3k − 2) − W(n − 3k + 1) + W(n − 3k) − W(n − 3k − 2). (6)
From (2), W(n) = mL(n) − L(n + 1) and by expressing in (6) W as a function of L we get (1). 
Note that for k = 1 we obtain the recurrence L(n+ 1)=mL(n)−L(n− 1)+ (m− 1)L(n− 2) for every n2 and
L(r) = mr for 0r2.
To prove that all roots of the characteristic equation of recurrence (1) are simple for k large enough, we will use the
following result known as “the continuous dependence of the zeros of a polynomial on its coefﬁcients”. The proof can
be found in [6,8]. In the following theorem n is the symmetric group of degree n.
Theorem 2.2 (Ostrowski [8]). Let
p(z) = zn + pn−1zn−1 + · · · + p1z + p0
be a monic polynomial with complex coefﬁcients. Then, for every > 0, there is > 0 such that for any polynomial
q(z) = zn + qn−1zn−1 + · · · + q1z + q0
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satisfying
max
0 in−1 |pi − qi |< ,
we have
min
∈n
max
1 jn
|xj − y(j)|< ,
where (xj ) and (yj ), j = 1, . . . , n are, respectively, the zeros of p and q.
Lemma 2.3. For every m2 and > 0 there exists k0 = k0() such that for any k > k0 the characteristic equation of
the recurrence (1)
x3k+3 − mx3k+2 + x4 − mx3 + mx2 − x + m − 1 = 0 (7)
has the following properties:
(i) For k even, it has roots x1, x2, . . . , x3k+3 such that x1 = 1; 1<x2 <m; −1 − <x3 < − 1 and x4, . . . , x3k+3 are
complex numbers;
(ii) For k odd, it has x1 = 1, 1<x2 <m and x3, . . . , x3k+3 are complex numbers;
(iii) m − 1/m3k−1 <x2 <m − 1/m3k;
(iv) If z is a complex root of (7) then |z|< 1 + ;
(v) All roots are simple.
Proof. By letting
P(x) = x3k+3 − mx3k+2 + x4 − mx3 + mx2 − x + m − 1, (8)
we deduce that P(x) is divisible by x3 − 1, hence P(x) has a root x1 = 1. Consider the graphs of the functions
1(x)=x3k+2(x−m)+m−1 and2(x)=x4−mx3+mx2−x=x(x−1)(x2+x(1−m)+1). SinceP(x)=1(x)+2(x),
it can be easily seen that for k even P(x) has x2 ∈ (1,m), x3 ∈ (−2,−1) and other roots are complex, and for k odd it
has only x2 ∈ (1,m) and other roots being complex numbers. We get P(m − 1/m3k−1)< 0 since this is equivalent to
(m−1)m3k−1/((m3k−1)/m3k−1)3k+2+(m3k−1)((m3k+1−m3k−1−m)/m3k−1)/((m3k−1)/m3k−1)3k+2 < 1+1(k),
where 1(k)> 0 and limk→∞ 1(k) = 0. The left-hand side of this inequality tends to (m3 − 1)/m3 < 1 as k → ∞,
hence this inequality holds for k large enough. In a similar way P(m − 1/m3k)> 0 is equivalent to
(m3k+1 − 1)3k+2/f (m) + (m3k+1 − 1)3m9k2−3k/f (m)< 1 + 2(k),
where f (m)= (m3k+1 −1)(m3k+2 −m3k −m)m9k2+3k and limk→∞ 2(k)=1/m2. The left-hand side of this inequality
tends to m/(m2 − 1)< 1 and (iii) is proved.
In order to prove (iv) and the property −1 − <x3 < − 1 for k even, let z be a root of (7), z = x2, and |z| = .
Dividing P(x) to x − x2 we deduce that z is a root of the equation
x3k+2 − (m − x2)(x3k+1 + x2x3k + x22x3k−1 + · · · + x3k−32 x4 + x3k−22 x3 + (x3k−12 + 1)x2
+ (x3k2 + x2)x + x3k+12 + x22 ) + x3 + mx + mx2 − 1 = 0. (9)
If x2 we deduce 3k+2(m − x2)(3k+1 + · · · + 3k+1 + 32) + 3 + 2m + 1 = (m − x2)((3k + 2)3k+1 +
32) + 3 + 2m+ 1, which implies
(m − x2)(3k + 2) + 3(m − x2)/3k−1 + (3 + 2m+ 1)/3k+2.
Suppose that> 1. In this casewe get x2(m−x2)(3k+2)+k , where limk→∞ k=0.Hence x2(3k+2)m/(3k+
3)+ k/(3k + 3)=m−m/(3k + 3)+ k/(3k + 3), which contradicts the lower bound provided by (iii). It follows that
x21, a contradiction. Consequently, <x2 <m and (9) implies 3k+2(m−x2)((3k+2)m3k+1 +3m2)+m3 +
2m2+1<(3k+2)m2+3/m3k−3+m3+2m2+1by (iii).Denoting	(k)=((3k+2)m2+3/m3k−3+m3+2m2+1)1/(3k+2),
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we deduce 	(k) and limk→∞ 	(k) = 1. (v) By (iii) x2 >m − 1/m3k−1 >(3k + 2)m/(3k + 3) for k large enough
which implies P ′(x2)> 0 and x2 is simple. If z is a multiple root of P(x) then P ′(z) = 0. Dividing both members of
P ′(x)= 0 by 3k + 3 and letting k → ∞ this equation becomes x3k+2 −mx3k+1 = 0, which has a simple root equal to
m and a multiple root of order 3k + 1 equal to zero. But any root z = x2 of P(x) cannot lie in a neighborhood of 0 or
m in the complex plane, since (iv) holds and
m − 1 |z|3k+3 + m|z|3k+2 + |z|(|z| + 1)(|z|2 + (m − 1)|z| + 1).
By Ostrowski’s theorem P(x) has no multiple root for k large enough. 
Lemma 2.4. The solution of the recurrence (1) is L(n) = ∑3k+3i=1 Cixni , where x1, . . . , x3k+3 are the roots of the
characteristic equation (7) and
Ci = x
3
i − 1
(m − xi)P ′(xi) (10)
for every 1 i3k + 3, where P(x) is deﬁned by (8).
Proof. The roots x1, . . . , x3k+3 being simple, the solution of the recurrence (1) is L(n) =
3k+3∑
i=1
Cix
n
i . By Lemma 2.1
it follows that C1, . . . , C3k+3 satisfy the system of linear equations:
C1 + C2 + · · · + C3k+3 = 1
C1x1 + C2x2 + · · · + C3k+3x3k+3 = m
·
·
·
C1x
3k−1
1 + C2x3k−12 + · · · + C3k+3x3k−13k+3 = m3k−1
C1x
3k
1 + C2x3k2 + · · · + C3k+3x3k3k+3 = m3k − 1
C1x
3k+1
1 + C2x3k+12 + · · · + C3k+3x3k+13k+3 = m3k+1 − 2m
C1x
3k+2
1 + C2x3k+22 + · · · + C3k+3x3k+23k+3 = m3k+2 − 3m2.
The determinant of the coefﬁcientmatrix is aVandermonde determinantwhichwill be denoted byV (x1, . . . , x3k+3)=∏
1 i<j3k+3(xj − xi). Let us denote
S
(q)
M (x1, . . . , x3k+3) =
∑
{j1,...,jq }⊆M
1 j1<j2<···<jq 3k+3
xj1 . . . xjq ,
where M ⊆ {1, . . . , 3k + 3} for 1q |M| and S(0)M (x1, . . . , x3k+3)= 1. As in [10] we consider the following matrix:
X =
⎛
⎜⎜⎝
1 1 · · · 1
x1 x2 · · · x3k+3
...
...
. . .
...
x3k+21 x
3k+2
2 · · · x3k+23k+3
⎞
⎟⎟⎠ .
We need to compute some pseudo-Vandermonde determinants deduced from X by deleting the jth row and the ith
column. Such a determinant is equal to [9,10]:
S
(3k+3−j)
{1,...,i−1,i+1,...,3k+3}(x1, . . . , x3k+3)V (x1, . . . , xi−1, xi+1, . . . , x3k+3).
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Then by Cramer’s rule we deduce that for M ={1, . . . , i − 1, i + 1, . . . , 3k+ 3}, the solution of this system is given by
Ci = (−1)
i−1V (x1, . . . , xi−1, xi+1, . . . , x3k+3)
V (x1, . . . , x3k+3)
⎛
⎝3k−1∑
j=0
(−1)jmjS(3k+2−j)M (x1, . . . ,
x3k+3) +
3k+2∑
j=3k
(−1)j (mj − (j − 3k + 1)mj−3k)S(3k+2−j)M (x1, . . . , x3k+3)
⎞
⎠
.
We can write
V (x1, . . . , xi−1, xi+1, . . . , x3k+3)
V (x1, . . . , x3k+3)
= (−1)3k+3−i
⎛
⎜⎜⎝
3k+3∏
j=1
j =i
(xi − xj )
⎞
⎟⎟⎠
−1
= (−1)
3k+3−i
P ′(xi)
;
∑3k+2
j=0 (−1)jmjS(3k+2−j)M (x1, . . . , x3k+3)=(−1)3k+2
∏3k+2
j=1
j =i
(m−xj )=(−1)3k+2P(m)/(m−xi). It remains to evaluate
the sum denoted by
S =
3k+2∑
j=3k
(−1)j (j − 3k + 1)mj−3kS(3k+2−j)M (x1, . . . , x3k+3)
= (−1)3k
⎛
⎜⎜⎝
∑
{j1,j2}⊆M
1 j1<j23k+2
xj1xj2 − 2m
∑
{j1}⊆M
1 j13k+2
xj1 + 3m2
⎞
⎟⎟⎠ .
Because x1, . . . , xi−1, xi+1, . . . , x3k+3 are the roots of P(x)/(x − xi) = x3k+2 − (m − xi)x3k+1 − xi(m − xi)x3k −
x2i (m − xi)x3k−1 − · · · we obtain, by Viète relations for equation P(x)/(x − xi) = 0 that
S = (−1)3k(−xi(m − xi) − 2m(m − xi) + 3m2) = (−1)3k(x2i + mxi + m2).
Finally,
Ci = 1
P ′(xi)
(
P(m)
m − xi − (x
2
i + mxi + m2)
)
= x
3
i − 1
(m − xi)P ′(xi) . 
3. Main results
LetW(n, (aba)k, A) denote the set of words w of length n over the alphabet A of cardinality m2 having the
property that (aba)k is a factor of w. By P(m, (aba)k) we shall denote the property that almost all words of length n
over A contain a factor equal to (aba)k as n → ∞, that is, limn→∞ |W(n, (aba)k, A)/mn = 1.
Theorem 3.1. Let kn be a sequence of positive integers.
(i) (i) If lim supn→∞ kn/ ln n< 1/(3 lnm) then P(m, (aba)kn) holds;
(ii) If lim supn→∞ kn/ ln n> 1/(3 lnm) then P(m, (aba)kn) does not hold.
Proof. (i) By Theorem 1.1 if lim supn→∞ kn/ ln n< 1/(3 lnm) then almost all words of length n over A contain as
factors all words of length 3kn over A as n → ∞, and in particular the factor (aba)kn .
(ii) Suppose that lim supn→∞ kn/ ln n> 1/(3 lnm). It follows that kn is not bounded, hence the sequence (kn)n1 has
a subsequence tending to inﬁnity.After replacing this sequence by the corresponding subsequence (which for simplicity
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we also denote by kn), we can assume that limn→∞kn = ∞. Also we can suppose that 3kn <n since otherwise it is
clear that P(m, (aba)kn) does not hold. We have
|W(n, (aba)kn, A)|/mn = 1 − L(n)/mn. (11)
Consider P ′(z) = ((3k + 3)z − m(3k + 2))z3k+1 + 4z3 − 3mz2 + 2mz − 1, where z = x + iy is a root of P(x) and
G(x, y) = |(3k + 3)z − m(3k + 2)|2 = (3k + 3)2x2 − 2m(3k + 3)(3k + 2)x
+ m2(3k + 2)2 + (3k + 3)2y2.
By Lemma 2.3 we get |z|2 = x2 + y2 < 2 for k large enough. Considering G as a polynomial of second degree in x
yields G(x, y)>G(
√
2, 0) = (m(3k + 2) − √2(3k + 3))2 → ∞ as k → ∞. It follows that for any root xi = x2 we
have limn→∞(3k + 2)Ci |xi/x2|n = 0. We need a more accurate evaluation of the root x2 of (7). From the equation
P(m − 1/m3k−) = 0 we easily ﬁnd that = ln(1 − 1/m3)/ lnm + 1 + o(1), hence
x2 = m − 1/m3k−ln(1−1/m3)/ lnm−1−o(1). (12)
This implies that limn→∞ C2 = 1 and by Lemmas 2.3 and 2.4 we deduce that L(n)/mn = (x2/m)n(1 + o(1)) + o(1)
as n → ∞.
If P(m, (aba)kn) holds then by (11) we have limn→∞(x2/m)n = 0. From (iii) of Lemma 2.3 we obtain that
limn→∞(1− 1/m3kn−2)n = e−limn→∞ n/m3kn−2 = 0 and this implies that limn→∞ n/m3kn−2 =∞, or limn→∞ ln n(1−
(3kn − 2) lnm/ ln n) = ∞. It follows that:
lim inf
n→∞ (1 − 3kn lnm/ ln n) = 1 − lim supn→∞ 3kn lnm/ ln n0
or lim supn→∞ kn/ ln n1/(3 lnm). 
Corollary 3.2. If there exists limn→∞(ln n − 3kn lnm) =  ∈ R, then limn→∞ |W(n, (aba)kn, A)|/mn = 1 −
e−(1−1/m3)e .
Proof. Because kn → ∞, we obtain by (11) and (12):
lim
n→∞ |W(n, (aba)
kn, A)|/mn = 1 − lim
n→∞(x2/m)
n
= 1 − e−limn→∞ n/m3kn−ln(1−1/m3)/ lnm+o(1) = 1 − e−(1−1/m3)e . 
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